SIMPLE COMPACT QUANTUM GROUPS I 



SHUZHOU WANG 

Abstract. The notion of simple compact quantum group is introduced. As 
non-trivial (noncommutative and noncocommutative) examples, the following 
families of compact quantum groups are shown to be simple: (a) The universal 
quantum groups i?„(Q) for Q e GL{n, C) satisfying QQ = ±/„, n> 2; (b) The 
quantum automorphism groups Aaut{B, r) of finite dimensional C* -algebras B 
endowed with the canonical trace r when dim(i?) > 4, including the quantum 
permutation groups Aaut{Xn) on n points {n > 4); (c) The standard defor- 
mations Kq of simple compact Lie groups K and their twists K^, as well as 
Rieffel's deformation Kj. 



1. Introduction 

The theory of quantum groups saw spectacular breakthroughs in the 1980's 
when on the one hand Drinfeld p3] and Jimbo [27J discovered the quantized uni- 
versal enveloping algebras of semisimple Lie algebras based on the work of the 
Faddeev school on the quantum inverse scattering method, and on the other hand 
Woronowicz [58], |59[ [60] independently discovered quantum deformations of com- 
pact Lie groups and formulated the axioms for compact quantum groups. Further 
work of Rosso [HHlllO], Soibelman and Vaksman, Levendorskii [HI [43], [3^ showed 
that "compact real forms" Kg of the Drinfeld- Jimbo quantum groups and their 
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twists are examples of compact quantum groups in the sense of Woronowicz. 
Most notable of these is the work of Soibelman |33] based on his earlier joint 
work with Vaksman [H], in which a general Kirillov type orbit theory of rep- 
resentations of the quantum function algebras of deformed simple compact Lie 
groups was developed using the orbits of dressing transformations (i.e. symplectic 
leaves) in Poisson Lie group theory (see also the monograph [29] for more detailed 
treatment). 

Starting in his Ph.D. thesis [IH], the author of the present article took a different 
direction from the above by viewing quantum groups as intrinsic objects and 
found in a series of papers (including [17] in collaboration with Van Daele) several 
classes of compact quantum groups that can not be obtained as deformations of 
Lie groups. The most important of these are the universal compact quantum 
groups of Kac type Au{n) and their self-conjugate counterpart Ao{n) [49j, the 
more general universal compact quantum groups Au{Q) and their self-conjugate 
counterpart Bu{Q) [13 [52], where Q G GL{n, C), and the quantum automorphism 
groups Aaut{B ,tr) of finite dimensional C*-algebras B endowed with a tracial 
functional tr, including the quantum permutation groups Aaut{Xn) on the space 
Xn of n points [53]. Further studies of these quantum groups reveal remarkable 
properties: (1) According to deep work of Banica [2l[3lllj, the representation rings 
(also called the fusion rings) of the quantum groups Bu{Q) (when QQ is a scalar) 
are all isomorphic to that of SU (2) (see Theoreme 1 in |2j), and the representation 
rings of Aaut{B^T) (when dim(i?) > 4, r being the canonical trace on B) are all 
isomorphic to that of 5*0(3) (see Theorem 4.1 in [1]), and the representation ring 
of Au{Q) is almost a free product of two copies of Z (see Theoreme 1 in [3|); (2) 
The compact quantum groups Au{Q) admit ergodic actions on both finite and 
infinite injective von Neumann factors [54J; (3) The special Au{Qys for positive 
Q and B^^QYs for Q satisfying the property QQ = ±In are classified up to 
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isomorphism using respectively the eigenvalues of Q (see Theorem 1.1 in [50]) and 
polar decomposition of Q and eigenvalues of \Q\ (see Theorem 2.4 in and the 
general Au{Q)^s and BuiQYs for arbitrary Q have explicit decompositions as free 
products of the former special ones (see Theorems 3.1 and 3.3 and Corollaries 3.2 
and 3.4 in [56]); (4) Certain quantum symmetry groups in the theory of subfactors 
were found by Banica [Gj [7] to fit in the theory of compact quantum groups; (5) 
The quantum permutation groups Aauti^n) admit interesting quantum subgroups 
that appear in connection with other areas of mathematics, such as the quantum 
automorphism groups of finite graphs and the free wreath products discovered 
by Bichon [151 [16]. See also [17] and [8]-[Tl] and the references therein for other 
interesting results related to the quantum permutation groups. 

The purpose of this article is to initiate a study of simple compact quantum 
groups. It focuses on the introduction of a notion of simple compact quantum 
groups and first examples. It is shown that the compact quantum groups men- 
tioned in the last two paragraphs are simple in generic cases. The paper is 
organized as follows. 

In ^ we recall the notion of a normal quantum subgroup of a compact 
quantum group G introduced in [IHl Il9], on which the main notion of a simple 
compact quantum group in this paper depends. We prove several equivalent con- 
ditions for to be normal, including one that stipulates that the quantum coset 
spaces G/N and N\G are identical. Further applications of these are contained 
in [57]. 

In ^ the notion of simple compact quantum groups is introduced. In the 
classical setting, the notion of a simple compact Lie group can be defined in 
two ways: one using Lie algebra and the other using the group itself. Though 
the universal enveloping algebras of simple Lie groups can be deformed into the 
quantized universal enveloping algebras [211 [27] , we have no analog of Lie algebras 
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for general quantum groups. Hence we formulate the notion of a simple compact 
quantum group using group theoretical language so that our notion reduces 
precisely to the notion of a simple compact Lie group when the quantum group 
is a compact Lie group: 

Definition 1.1. A compact matrix quantum group is called simple if it is con- 
nected and has no non-trivial connected normal quantum subgroups and no non- 
trivial representations of dimension one. 

Here a compact quantum group G is called connected if the coefficients of 
every non-trivial irreducible representation of G generate an infinite dimensional 
C*-algebra. In the classical situation, the fact that a simple compact Lie group 
has no non-trivial representations of dimension one is a consequence of the deep 
Weyl dimension formula. It is not known if the postulate that a simple compact 
matrix quantum group has no non-trivial representations of dimension one follows 
from the other postulates in the definition, for we do not have a dimension formula 
for irreducible representations of a general simple compact quantum group except 
the specific examples studied in this paper. 

After preparatory work in ^ and [|3], the main examples of this paper are 
studied in §l]and ^ Recall [1] that the canonical trace r on a finite dimensional 
C*-algebra B is the restriction of the unique tracial state on the algebra L[B) of 
operators on B. In ^ we prove that Bu{Q) and Aaut^B^r) are simple: 



Theorem 1.2. (see Theorem 4-1) Let Q G GL{n, C) be such that QQ = ±/„ and 



n >2. Then Bu{Q) is a simple compact quantum group. 



Theorem 1.3. (see Theorem \4.'7\ ) Let B be a finite dimensional G*- algebra with 
dim(i?) > 4 and r its canonical trace. Then Aaut{B,T) is a simple compact 
quantum group. 
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The proofs of these two resuhs rely heavily on the fundamental work of Banica 
0, S] on the structure of fusion rings (i.e. representative rings) of these quantum 
groups, as well as the technical results on the correspondence between Hopf *- 
ideals and Woronowicz C*-ideals and the reconstruction of a normal quantum 
group from the identity in the quotient quantum group, which are developed in 
^and are of interest in their own right. 

It is also shown in §1] that the closely related quantum group Au{Q) is not 
simple for any n and any Q G GL{n, C) (see Proposition 14.51) . 

The last section ^ is devoted to the standard deformations Kg of simple com- 
pact Lie groups, their twists |l3l [301 EI], and Rieffel's quantum groups Kj 
|37j . where q G M\{0}, u G A^(zt) and J is an appropriate skew-symmetric trans- 
formation on the direct sum t © t of Cartan subalgebra t of the Lie algebra of 
K: 

Theorem 1.4. (see Theorem 15. il and Theorem \ 5. 6\) Let K be a connected and 
simply connected simple compact Lie group. Then both Kg and its twists K"^ are 
simple compact quantum groups. 



Theorem 1.5. (see Theorem \5.4\) Let K be a simple compact Lie group with a 



toral subgroup T of rank at least two. Then Kj is a simple compact quantum 
group. 

The proofs of Theorem 11.41 and Theorem 11.51 make use of the work of Lusztig and 
Rosso [321 EH] on representations of quantized universal enveloping algebras, the 
work of Soibelman and Levendorskii [l3l [301 El] on quantum function algebras of 
Kg and K"!^ , and the work of Rieffel [3?] and the author [51] on strict deformations 
of Lie groups and quantum groups, as well as the technical results in §1] mentioned 
earlier. 



6 SHUZHOU WANG 

Classification of simple compact quantum groups and tlieir irreducible repre- 
sentations up to isomorpliism are two of tlie main goals in the study of compact 
quantum groups. Namely, one would like to develop a theory of simple compact 
quantum groups that parallels the Killing-Cartan theory and the Cartan-Weyl 
theory for simple compact Lie groups. To accomplish the first goal, one must 
first construct all simple compact quantum groups. Though we have given sev- 
eral infinite classes of examples of these in this article, it should be pointed out 
that the construction of simple compact quantum groups is far from being com- 
plete. In fact it is fair to say that we are only at the beginning stage for this task 
at the moment. One indication of this is that all the simple compact quantum 
groups known so far have commutative representation rings, and these rings are 
order isomorphic to the representation rings of compact Lie groups (we call such 
quantum groups almost classical). The universal compact matrix quantum 
groups Au{Q) have a "very" noncommutative representation ring, being close to 
the free product of two copies of the ring of integers, according to the fundamental 
work of Banica [3], where Q G GL{n, C) are positive, n > 2. However, Au{Q) are 
not simple quantum groups (see §1]). Because of their universal property, Au{Q) 
should play an important role in the construction and classification of simple 
compact quantum groups with non-commutative representation rings. A natural 
and profitable approach seems to be to study quantum automorphism groups 
of appropriate quantum spaces and their quantum subgroups, such as those in 
[53| [Ml [55] and the papers of Banica and Bichon and their collaborators [6] p!7]. 
In retrospect, both simple Lie groups and finite simple groups are automorphism 
groups, a similar approach for the theory of simple quantum groups should also 
play a fundamental role. 

Convention and Notation. We assume that all Woronowicz C*-algebras (also 
called Woronowicz Hopf C*-algebras) considered in this paper to be full unless 
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otherwise explicitly stated, since morphisms between quantum groups are mean- 
ingful only for full Woronowicz C*-algebras cf. [IHl ED]- For a compact quantum 
group G, Ac, or C{G), denote the underlying Woronowicz C*-algebra and Ac 
denotes the associated canonical dense Hopf *-algebra of quantum representative 
functions on G. Sometimes we also call Aq a compact quantum group, referring 
to G. See [49| [59] for more on other unexplained definitions and notations used 
in this paper. 

2. The Notion of Normal Quantum Subgroups 

Before making the notion of simple quantum groups precise, we recall the 
notion of normal quantum subgroups (of compact quantum groups) introduced in 
[miin] and study their properties further. Let {N, n) be a quantum subgroup of a 
compact quantum group G with surjections vr : Aq — ^ A^ and n : Ac — ^ An- 
The quantum group (A^, vr) should be more precisely called a closed quantum 
subgroup, but we will omit the word closed in this paper, since we do not consider 
non-closed quantum subgroups. Define 

Ag/n = {a G Acliid 7r)A(a) = a® In}, 

An\g = {a E AgUtt ® id)A{a) = In a}, 

where A is the coproduct on Ag, Ia? is the unit of the algebra An- We omit the 
subscript in Iat when no confusion arises. Similarly, we define 

Ag/n = Ag^Ag/n, and An\g = Ag ^ An\g- 

Note that G/N, N\G shall be denoted more precisely by G/{N,tt), {N,'k)\G 
respectively, if there is a possible confusion. Let Hn he the Haar measure on N. 
Let 

Eg/n = (id ® hNiT)A, En\g = (hNiT ® id)A. 
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Then Eg/n and Ei^\g a-i's projections of norm one (completely positive and com- 
pletely bounded conditional expectations) from Aq onto Aiy\G and Aq/n respec- 
tively (cf. [31] as well as Proposition 2.3 and Section 6 of |MJ), and 

^G/N = Eg/n{^g), and An\g = En\g{Ag)- 

From this, we see that the *-subalgebras An\g and Ag/n are dense in Ag/n and 
An\g respectively. 

Assume is a closed subgroup of an ordinary compact group G. Let vr be 
the restriction morphism from Ag '■= C{G) to An := C{N). Let C{G/N) and 
C{N\G) be continuous functions on G/N and N\G respectively. Then one can 
verify that 

C{G/N) = Ag/n = Eg/n{Ag), 

G{N\G)=An\g = En\g{Ag). 

Therefore we will use the symbols G{G/N) and Ag/n (resp. G{N\G) and An\g', 
C{G) and Ag) interchangeably for all quantum groups. 

Proposition 2.1. Let N he a quantum subgroup of a compact quantum group G. 
Then the following conditions are equivalent: 

(1) An\g is a Woronowicz C* -suhalgehra of Ag- 

(2) Ag/n is a Woronowicz C* -suhalgehra of Ag- 

(3) Ag/n = An\g- 

(4) For every irreducihle representation of G, either hNT^{u^) = Id^ or 
hNTT{u^) = 0, where Hn is the Haar measure on N, dx is the dimension of 
and 1(1^ is the dx x dx identity matrix- 
Proof- We only need to show that (1)<S=^(4)<;=^(3). The proof of the implications 

(2)^(4)<s^(3) is similar. 
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(3) =^(4): In general one has 

H^n\g) C An\g ® Ag, A{Ag/n) ^Ag® Ag/n- 
Letting B — An\g — Ag/n then one has 

A{B) <ZB®B. 

For A e G, let nx be the multiphcity of the trivial representation of N in the 
representation t:{u^). We claim that either nx — dx or nx — 0. 

Assume on the contrary that there is a A e G such that 1 < nx < dx- Note 
that in general 

k 

Eg/n{u^ = {id ® hNn)A{u^ = hN7r{u^kj>^- 

k 

Using unitary equivalence if necessary we choose ufj in such a way that the nx 
trivial representations of N appear on the upper left diagonal corner of Tr{u^). 
Then 

ufj if l<i<nx, l<j< dx, 
a nx < i < dx, I < j < dx. 



EN\G{Uij) 



EG/N{Uij) 



u\ if 1 < i < c^A, 1 < J < nx. 



^ <i < dx, nx < 2 <L dx- 

Since An\g — Aq/n — B and both £^iv\G and Eq/n are projections from Ag 
onto B, we have 

En\g — Eq/n- 

Then for nx < j < dx, 

^ U^^ = EM\G{u^j) = £^G/iV«) = 0, 

This is a contradiction. 
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(4)^(3): Let S{N) (or ^(A^, vr)) be the subset of G consisting of those A's such 
that hNT^iu^) is J^^. Then a straightforward calculation using the fact that En\g 
and Eq/n are projections of Ac onto An\g and Aq/n respectively, one gets 

An\g = Ag/n = ^{Cuf^ I A G S{N),t,j = !,■■■ ,dx}. 

(4)^(1): Let S{N) be defined as in the proof of (4)^(3). It is clear that An\g 
is a Woronowicz C*-subalgebra of Ac and that 

{u^^\\eS{N),i,j = l,--- ,d,}. 

is a Peter- Weyl basis of the dense *-subalgebra An\g of Aiy\c. 

(1)^(4): Let Gi = N\G. Then by Woronowicz's Peter-Weyl theorem for 
compact quantum groups, every irreducible representation of G is either an 
irreducible representation of Gi or none of the coefficients uf, is in Agi- That is 



EN\G{Uij] 



ufj if A G Gi, 



if A G G\Gi. 



By the definition of Ej^\g and linear independence of the u^/s, this implies that 

hNT^{u^k) = ^ik, X e Gi,i,k = 1, - ■ ■ ,dx, 

hNn{u^k) = 0, A G G\Gi. 
This completes the proof of the proposition. □ 

Definition 2.2. A quantum subgroup N of a compact quantum group G is said 
to be normal if it satisfies the equivalent conditions of Proposition \2.1\ 

Remarks, (a) Condition (4) of Proposition 12.11 plays an important role in this 
paper. It is a reformulation of the following condition for a normal quantum 
subgroup that appears near the end of Sect. 2 of [49j: For every irreducible 
representation v of G, the multiplicity of the trivial representation of N in the 
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representation 7r(i7) is either zero or the dimension of v. From the proof of the 
proposition we see that the counit of Ag/n is equal to the restriction morphism 

(b) Note also that on p679 of [49j the following statement is found: "In general, 
a right quotient quantum group is different from the corresponding left quotient 
quantum group." Though in the purely algebraic setting of Hopf algebras, one 
needs to distinguish between left and right normal quantum subgroups, as indi- 
cated in 1.5 of Parshall and Wang [33] (see also [H HH, SS]), however, in view 
of Proposition 12.11 above, this cannot happen for normal quantum subgroups of 
compact quantum groups. Moreover, using Lemma 14.21 -Lemma 14.41 below, it can 
be shown that the notion of normality defined in [33] when applied to compact 
quantum groups is equivalent to our notion of normality. As the main results of 
this paper do not depend on this equivalence, its proof and other applications are 
in [57]. 

(c) The notion of a normal quantum subgroup depends on the morphism vr, 
which gives the "position" of the quantum group in G. If (A^, tti) is another 
quantum subgroup of G with surjection tti : Aq — > A^, {N,7ii) may not be 
normal even if (A^, vr) is. This phenomenon already occurs in the group situation. 
For example a finite group can contain two isomorphic subgroups with one normal 
but the other not. 

Examples. We show in (1) and (2) below that the identity group and the 
full quantum group G are both normal quantum subgroups of G under natural 
embeddings. These will be called the trivial normal quantum subgroups. 
See §1]-^ and [57] for examples of non-trivial normal quantum subgroups. 

(1) Let A^ = {e} be the one element identity group. Let vr = e = counit of Ac 
be the morphism from Aq to A^r. Then by the counital property, one has 

Ag/n = {a G AG\{id ® e)A{a) = a 1} = Ag- 
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That is ({e},e) is normal and G/{{e},e) = G. 

(2) Now let = G and let vr : Aq ^ he any isomorphism of Woronowicz 
C*-algebras [49J. Let h be the Haar measure on G and a G Aq/n- Since vr is an 
isomorphism and (z(i(g)7r)A(a) = a (g) 1, one has A(a) = {id^n)^^{a (g) 1) = a ® 1. 
From the invariance of h and one has 

h{a)l = (1 (g) h)A{a) = ah{l) = a. 

Hence 

Ag/n = {ae AG\{id(S)7c)A{a) = a (g) 1} = CI. 

That is {G, it) is normal and G/ {G, vr) = {e}. 

(3) We note that besides the embeddings in (2) it is possible to construct ex- 
amples of compact quantum groups G with non-normal proper embeddings of G 
into G. In fact this can happen for compact groups already. □ 

The following is a justification of the above notion of normal quantum sub- 
groups. 

Proposition 2.3. Let A = G{G) with G a compact group. Let N he a closed 
subgroup of G. Let vr he the restriction map from A to An = G{N). Then {N, it) 
is normal in the sense above if and only if N is a normal subgroup of G in the 
usual sense. 

Proof. Under the Gelfand-Naimark correspondence which associates to every 
commutative C*-algebra its spectrum, quotients of G by (ordinary) closed normal 
subgroups correspond to Woronowicz C*-subalgebras of G{G), i.e., 

G/N corresponds to G{G/N), 

see 2.6 and 2.12 of [49j. Since Aq/n = G{G/N) for any closed subgroup A^, the 
proposition follows from Proposition 12.11 above. □ 
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The following result gives a complete description of quantum normal subgroups 
of the compact quantum group dual of a discrete group F, whose proof is straight- 
forward using e.g. [59] and Proposition 12. 1[ 

Proposition 2.4. Let Ac = C*{T). Let N be a quantum subgroup of G with 
surjection n : Aq A^^f. Then N is normal, L := 7r(r) is a discrete group and 
An = C*{L). Moreover, Aq/n = C*{K), where = ker(7r : T ^ L). 

To distinguish two different quantum subgroups, we include the following re- 
sult, which should be known to experts in the theory of C*-algebras. 

Proposition 2.5. Let : A A/^ be surjections of unital C* -algebras with 
kernels Ik (k = 1,2). Let Pk be the pure state space of Ak- Then the following 
conditions are equivalent: 

(1) {01 o TTil^i G Pi} = {(j)2 o 7r2|</)2 G P2} subscts of pure states of A. 

(2) h = h- 

(3) There is an isomorphism a : Ai A2 such that 7r2 = a o tti. 

Proof. (1) =^ (2): If Ii 7^ I2, say, there is a x G hXh- Then there is a pure 
state (p of A/I2 such that (f){7T2{x)) 7^ 0, where we identify A2 with A/I2. But (f)7f2 
is a pure state of A/Ii = A\ according to assumption (1). Hence we must have 
07r2(a;) = 0. This is a contradiction. 

(2) ^ (3): Let I = Ii = l2- Let vr be the quotient map A Ajl. Let vr^ be 
the homomorphism from Ajl to A^ such that tt^. = Tf^vr (k = 1, 2). Then Tr^ are 
isomorphisms. Put a = 7^20 n^^. Then 7r2 = « o tti. 

(3) (1): This follows from Pi = P2 o «• □ 

The following proposition is an easy consequence of Proposition 12.11 
Proposition 2.6. Let {Ni,7Ci) be a normal quantum subgroup ofG. Let 

a : Ani — > An2 
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be an isomorphism of quantum groups. Then {N2,aTTi) is normal. 

In view of the above discussions, it is reasonable to have the following definition 
(cf. also remarks after Proposition I2.3p . 

Definition 2.7. Two quantum subgroups {7Ci,Hi) and {7T2,H2) of a quantum 
group G are said to have the same imbedding in G if 711,7:2 satisfy the equiv- 
alent conditions of Proposition l27R When this happens, we denote (ifi,7ri) = 

{H2,7r2). 

Geometrically speaking, two quantum subgroups {Hi,7ii) and {H2,7!-2) of a 
quantum group G are said to have the same imbedding in G if their "images" 
in G are the same. 

3. Simple Compact Quantum Groups 

To avoid such difficulty such as the classification of finite groups up to isomor- 
phism in developing the theory of simple compact quantum groups, we assume 
connectivity as a part of the postulates of the latter. We use representation theory 
to define the notion of connectivity: 

Definition 3.1. We call a compact quantum group Ga connected if for each 
non-trivial irreducible representation G Ga, the C*-algebra C*{u^^) generated 
by the coefficients of is of infinite dimension. 

In virtue of (28.21) of [26], we have 

Proposition 3.2. Let Ga be an ordinary compact group (i.e. Aq is commuta- 
tive). Then Ga is connected as a topological space if and only if it is connected 
in the sense above. 

Definition 3.3. We call a compact quantum group Ga simple if it satisfies the 
following conditions (l)-(4): 
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(1) The Woronowicz C*-algebra Aq is finitely generated; 

(2) Ga is connected; 

(3) Ga has no non-trivial connected normal quantum subgroups; 

(4) Ga has no non-trivial representations of dimension one. 

A (simple) quantum group is called absolutely simple if it has no non-trivial 
normal quantum subgroups. Similarly a finite quantum group is called simple if 
it has no non-trivial normal quantum subgroups. 

Just as the notion of simple compact Lie groups excludes the torus groups, the 
above notion of simple quantum groups excludes abelian compact quantum groups 
in the sense of Woronowicz [59], i.e. quantum groups coming from group G*- 
algebras C*(r) of discrete groups F (note that C*(r) is the algebra of continuous 
functions on the torus T" when F is the discrete group Z"). This is important 
because it is impossible to classify discrete groups up to isomorphism. However, 
we do not know if condition (4) in Definition 13.31 (i.e., there is no non-trivial 
group-like elements) is superfluous, as is the case for simple compact Lie groups 
because of the Weyl dimension formula. 

As a justification of this definition, we have the following proposition that shows 
that our notion of simple compact quantum groups recovers exactly the ordinary 
notion of simple compact Lie groups. 

Proposition 3.4. IfGA is a simple compact quantum group with A commutative, 
then the set G := A of Gelfand characters is a simple compact Lie group in the 
ordinary sense. Conversely, every simple compact Lie group in the ordinary sense 
is of this form. 

The proof Proposition 13.41 follows immediately from Theorem 2.8 in [39] and 
Proposition 13.21 above. We remark that although it is easy as above to prove 
the characterization of the ordinary simple compact Lie group in terms of our 
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notion of simple compact quantum groups when Aq is commutative, it has been 
highly non-trivial to prove the analogous characterization of ordinary differential 
manifolds in terms of the axioms of non- commutative manifolds which is finally 
achieved in the recent work of Connes [21] (see references therein for earlier, 
presumably un-successful, attempts to at such a characterization). 

Note that a simple compact Lie group is not a direct product of proper con- 
nected subgroups. Also, a simple Lie group is not a semi-direct product. Similarly, 
the following general results are true for quantum groups (for proofs see I57j): 




Proposition 3.5. If Ga is a simple compact quantum group, then Aq is not a 
tensor product, nor a crossed product by a non-trivial discrete group. 

To put in perspective the examples of simple compact quantum groups to be 
studied later, we introduce some properties for compact quantum groups. First 
we recall that the representation ring (also called the fusion ring) R{G) of a 
compact quantum group G is an ordered algebra over the integers Z with positive 
cone (or semiring, which is also a basis) R{G)^ := {Xu} consisting of characters 
Xu of irreducible representations uEGofG, and structure constants G NU{0} 
given by the rules 



where the product XuXv is taken in the algebra .Ac- 
Definition 3.6. Let G be a compact quantum group. We say that G has prop- 
erty F if each Woronowicz G*-subalgebra of Ac is of the form Ag/n for some 
normal quantum subgroup N of G. We say that G has property FD if each 
quantum subgroup of G is normal. 

We say that G is almost classical if its representation ring R{G) is order 
isomorphic to the representation ring of a compact group. 





u>eG 
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By Proposition 12.3^ a compact group trivially has property F. We will give in 
^ and §3 non-trivial simple compact quantum groups that are almost classical 
and have property F. Among compact quantum groups, simple compact quantum 
groups that are almost classical or have property F are closest to ordinary simple 
compact Lie groups in regard to noncommutative geometry. 

By Proposition 12.41 as the dual of discrete group F, a compact quantum group 
of the form C*(r) has property FD. When F is finite, C*(F) is equal to the dual 
of the function algebra C(F). This explains the term FD. 

A compact quantum group G is absolutely simple with property F if and only 
if every non-trivial representation f of G is faithful, i.e., C*{vij) = Ac, cf. |54j . 

By a theorem of Handelman [25], the representation ring of a compact con- 
nected Lie group is a complete isomorphism invariant. But this fails for compact 
quantum groups, since the representation rings of a simple compact Lie group K 
and its standard deformation Kg are order isomorphic. 

In [5], Banica uses the positive cone R+{G) of the representation ring R{G) of 
a compact quantum group G to define what he calls an i?+ deformation. This is 
closely related to almost classical quantum groups. 

It is clear that a quantum quotient group G/N of an almost classical quantum 
group G is also almost classical. But a quantum subgroup of an almost clas- 
sical quantum group need not be almost classical. For example, the quantum 
permutation groups are almost classical (cf. [H [53] and remarks preceding The- 
orem H]7]), but according to of Bichon [16j, their quantum subgroups A2(Z/mZ) 
are not almost classical if m > 3 (see Corollary 2.7 and the paragraph following 
Corollary 4.3 of [16j). However, for a compact quantum group with property F, 
we have the following general result. 
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Theorem 3.7. Let G be a compact quantum group with property F Then its 
quantum subgroups and quotient groups G/N (by normal quantum subgroups N) 
also have property F. 

As we will only use the definitions of quantum groups with property F (resp. 
property FD) but not the assertion in the theorem above, the details for the 
proof of the theorem is included in a separate paper [FT] . 

The main goals/problems in the theory of simple compact quantum groups 
are: (1) to construct and classify (up to isomorphism if possible) simple compact 
quantum groups; (2) to construct and classify irreducible representations of sim- 
ple compact quantum groups; (3) to analyze the structure of compact quantum 
groups in terms of simple ones; and (4) to develop applications of simple compact 
quantum groups in other areas of mathematics and physics. For these purposes, 
new techniques for compact quantum groups must be developed. 

The above is a very difficulty program at the present. Even problem (1) of 
the program above is daunting. To obtain clues on the general problem (1), it 
is desirable to find and solve easier parts of it. For this purpose, we propose the 
following apparently easier problems. 

Problem 3.8. (1) Construct and classify all simple compact quantum groups 
with property F (up to isomorphism if possible). 

(2) Construct and classify all simple compact quantum groups that are almost 
classical (up to isomorphism if possible). 

Problem 3.9. Construct simple compact quantum groups with property FD. 

Simple quantum groups in Problem l3.8l - Problem [33] are most closest to groups 
known in mathematics. They should be easiest classes to classify. Therefore they 
should play a fundamental role in the main problems in the theory of simple 
compact quantum groups. 
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4. Simplicity of B^iQ) and AautiB,T) 

To prove the main results in this section and the next section, we develop 
here two technical results, which are of interest in their own right: one on the 
correspondence between Hopf *-ideals and Woronowicz C*-ideals (Lemma 14.31) : 
the other on the reconstruction of a normal quantum group from the identity in 
the quotient quantum group (Lemma 14.41) . 

We first recall the construction of compact quantum group B^iQ) associated 
to a non-singular n x n complex scalar matrix Q (cf. [2], SZl [S2])- The (non- 
commutative) C*-algebra of functions on the quantum group Bu{Q) is generated 
by noncommutative coordinate functions Uij = 1, ■ ■ ■ ,n) that are subject to 
the following relations: 

U*U = In = UU*, U^QuQ^^ = In = QuQ^^U^, 

where u = (Mjj)"^-^^. When QQ is a scalar multiple c/„ of the identity matrix 
In, the quantum group Bu{Q) and the group SU{2) have the same fusion rules 
for their irreducible representations, as shown by Banica [2J, which implies that 
Bu{Q) is an almost classical quantum group. Under the condition QQ = ±/„, the 
isomorphism classification of Bu[Q) is determined by the author [56j using polar 
decomposition of Q and eigenvalues of \Q\ (see Theorem 2.4 in [56j). For arbitrary 
Q, BuiQ) is a free product of its building blocks, involving both BuiQiYs and 
Au{Pk)^s with QiQi being scalar matrices and Pk positive matrices (see Theorem 
3.3 in [56j). The precise definition of Au{Q) is recalled later in the paragraphs be- 
fore Proposition 1131 For positive matrix Q, A^iQ) is classified up to isomorphism 
in terms of the eigenvalues of Q (see Theorem 1.1 in [SB]); and for a arbitrary 
non-singular matrix Q, the general Au{Q) is a free products of Aui^PkYs with 
positive matrices Pk (see Theorems 3.1 in [56j)- In Bichon et ai. |18], the same 
techniques in ^6] were used to classify the unitary fiber functors of the quantum 
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groups Au{Q) and Bu{Q) and their ergodic actions with full multiplicity. Note 
that for n = 1, Bu{Q) = C(T) is the trivial 1x1 unitary group. We will concen- 
trate on the non-trivial case n > 2. Note that the isomorphism class of Bu{Q) 
depends on the normalized Q only if QQ is a scalar matrix [56] . 

Theorem 4.1. Let Q G GL{n,C) be such that QQ = ±J„. Then Bu{Q) is an 
almost classical simple compact quantum group with property F. In fact it has 
only one normal subgroup of order 2. 

Proof. As noted above, the quantum group Bu{Q) is almost classical because its 
representation ring is order isomorphic to the representation ring of the compact 
Lie group SU{2) [2j. More precisely, according to [2] irreducible representations 
of the quantum group Bu{Q) can be parametrized by {k = 0, 1,2, ■ ■ ■) with 
Tq trivial and ri = {uij)^^^^, so that the fusion rules for their tensor product 
representations (i.e., decomposition into irreducible representations) read 

rk®ri = r\k-i\ ® r\k-i\+2 © ■ ■ ■ © rk+i-~2 © Tk+u k,l>0. 

We show that the quantum group B^iQ) is connected, li k = 2m is even 
(m > 0), then let ri = Vk in the above tensor product decomposition and do the 
same for the irreducible constituents repeatedly, one sees that the algebra C*{r2m) 
generated by the coefficients of the representation contains the coefficients of 
for all s. Hence r2m generates an infinite dimensional algebra: 

C*{r2„,)=C*{{r2s\s>0}). 

li k = 2m + 1 is odd (m > 0), then let r/ = Vk in the above tensor product 
decomposition, one sees that the representation r2 appears therein. Apply the 
decomposition to r2m+i ®r2, one sees that ri = (uij) appears therein. Hence the 
algebra generated by the coefficients of r2m+i is the same as the algebra generated 
by those of ri = (uij). We conclude from this analysis that there is only one 
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non-trivial Woronowicz C* -suhalgehra in Bu{Q), the one C*{r2m) generated by 
coefficients of r2m, which is obviously infinite dimensional as noted above, where 
m is any nonzero positive number. In particular, the quantum group Bu{Q) is 
connected. 

For rest of the proof, we show that the quantum group B^iQ) has only one 
normal quantum subgroup, although it has many quantum subgroups. 

Note that the coordinate functions Vij of the matrix group = {/„, — /„} 
satisfy the defining relations of Bu{Q), hence there is a surjection vr from the 
C*-algebra Bu{Q) to the C*-algebra An oi functions on such that 

iT{uij) = Vij, i,j = l,2,---,n. 

It is clear that vr is a morphism of quantum groups, hence (A^, tt) is a quantum 
subgroup of the quantum group Bu{Q). 

We show that (A^, vr) is actually a normal quantum subgroup. To see this, it 
suffices by Proposition 12.11 to show that 

T^{r2m) = " ^0, 71"(r2m+l) = d2m+l " t'l, 

where d2m and d2m+i are dimensions of the representations r2m and r2m+i re- 
spectively, Vq and f 1 are the trivial representation and the non-trivial irreducible 
representation of A^ respectively (t'i(±/„) = ±1). By the definition of vr and 
Vi the assertion is clearly true for m = 0. In general, suppose the assertion is 
true for m. Then 7r(r2m+i) ® T^iji) is a multiple of Vq since vi = Vq. From the 
decomposition of r2m+i ® ri, we get 

vr(r2m+i) ® 7r(ri) = 7r(r2m) © n{r2m+2)- 

Hence 7r(r2(m+i)) = '^{i^2m+2) is a scalar multiple of Vq. Similarly, from 

7r(r2rrt+2) ® vr(ri) = 7r(r2m+l) © 7r(r2m+3), 
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we see that vr(r2(m+i)+i) = 7r(r2m+3) is a multiple of Vi. Since Vq and vi are one 
dimensional representations, the multiples we obtained above must be d2m+2 and 
d2m+3 respectively. That is (A^, vr) is normal and 

AG/N = C*{r2) = C*{{r2s\s>0}), 

where for simplicity of notation, the symbol G in G/N refers to the quantum 
group Gb^{q)- The above also shows that this quantum group has property F. 

We have to show that B^iQ) has no other normal quantum subgroups, which 
will imply that it has no connected normal quantum subgroups and is therefore 
a simple quantum group. 

Let {Ni,7Ci) be a non-trivial normal quantum subgroup of Bu{Q). We show 
that (A^i,7ri) = {N,tt) in the sense of Definition \2.7\ which will finish the proof 
of the theorem. Since iVi 7^ 1, by Definition 12.71 and Proposition 12.11 there exists 
an irreducible representation v of the quantum group Bu{Q) such that 7ri(t>) is 
not a scalar and therefore Eg/nA'^) = 0. Hence by the proof of Proposition 12.11 
and Woronowicz's Peter- Weyl theorem [59j, Ag/n^ = Eg/nAAg) 7^ Ag- 

Similarly, we claim that Ag/n^ 7^ CI, where 1 is the unit of Ag- To prove this, 
we need three lemmas. It is instructive to compare the second lemma (Lemma 14. 31) 
with the ideal theory for C*-algebras. 

Lemma 4.2. Let Bi and B2 be Woronowicz C*-algehras with canonical dense 
Hopf *- algebras of Representative functions" Bi and B2 respectively. Assume B2 
is full and ip : Bi ^ B2 is a morphism of Woronowicz C* -algebras such that the 
induced morphism ip : Bi B2 is an isomorphism. Then Bi is full and ip is also 
an isomorphism. 

Remark. The above is false if the roles of Bi and B2 are exchanged, as seen by 
taking Bi = C*{F2) and B2 = C;{F2). 
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Proof of Le'mma\4 ■ <1\ Since Bi is dense in Bi, it suffices to show that | |^/'(a-) 1 1 = | |a| | 



for a E Bi. 

Since ip is a morphism of C*-algebras, we have ||'?/'(a)|| < ||a|| and therefore 
the first inequahty 

||V^(a)|| = ||V^(a)||<||a||. 
Since B2 is full, the norm on B2 is the universal C*-norm (see jSOj): 

||'?/'(a)|| = sup{||7r('?/'(a))|| : vr is a *-representation of B2} ■ 

Taking vr = ^^'^ in the above, we obtain the second inequality 

||V^(a)||>||V^-^(V^(a))|| = ||a||. 

Combining the ffist the second inequalities finishes the proof of Lemma I4.2[ 

Lemma 4.3. (Hopf *-ideals vs. Woronowicz C*-ideals) 

(1) Let G be a compact quantum group. LetX be a Hopf * -ideal of Ac- Then 
the norm closure I in the C* -algebra Aq is a Woronowicz C* -ideal and Ag/T is 
a full Woronowicz C* -algebra. The Hopf *- algebra Ag/X admits a universal C*- 
norm and its completion under this norm is a Woronowicz C*- algebra isomorphic 
to Ag/X. 

(2) The map fiX) = X is a bijection from the set of Hopf *-ideals {X} of 
Ag onto the set of Woronowicz C* -ideals {/} of Ag such that Ag/I is full. The 
inverse g of f is given by g{I) = / fl Ag- 

Remarks, (a) Note that (2) and the last part of (1) in the lemma above are false 
if the Woronowicz C*-algebra Ag or Ag/I is not full, as is shown by the following 
example. Let Ag = C*{F2) be the group C*-algebra of the free group F2 on two 
generators. Let I be the kernel of the canonical map vr : C*{F2) C*{F2) where 
C;(F2) is the reduced group C*-algebra of F2. Then / n = but / 7^ 0. 
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(b) This lemma strengthens the philosophy in [Sn] that the "pathology" asso- 
ciated with the ideals between and the kernel of the morphism from the full 
Woronowicz C*-algebra to reduced one such as tt : C*{F2) — C*{F2) is not (quan- 
tum) group theoretical, but purely functional analytical, and C*{F2) and C*{F2) 
should be viewed as the same quantum group because the same dense Hopf *- 
subalgebra that completely determines the quantum group can be recovered from 
either the full or the reduced algebra. Similarly, for a general compact quantum 
group G, the totality of (quantum) group theoretic information is encoded in the 
purely algebraic object Ac, any other (Hopf) algebra should be viewed as defining 
the same quantum group as Ac so long as Ac can be recovered from it. The 
advantage of working with the category of full C*-algebras or the purely algebraic 
objects Ag is that morphisms can be easily defined for them, whereas it is not 
even possible to define a morphism from the one element group to the quantum 
group associated with the reduced algebra C*{F2) if is viewed as a different quan- 
tum group than the one associated with the full algebra C*{F2). 

Proof of Lemma \4-3\ 

Let X be as in (1). Let tti : Aq Aq/I be the quotient map. Since X is a 
Hopf *-ideal, we have in particular (see Sweedler [35]) 

A(X) cAg<S)I + I(^AgC ker(7ri (g) vri). 

Therefore A(X) C ker(7ri (S> vti). That is, X is a Woronowicz C*-ideal and Ag/I is 
a Woronowicz C*-algebra (see 2.9-2.11 in [49j). Denote Bi = Ag/T and let tti be 
the induced morphism of the canonical dense Hopf-*-subalgebras tti : Ag — > Bi. 

We claim that kerTTi = X and "ipQ : Ag/1 — ^ -Bi, 'ipo : [a] ^ vri(a) is an 
isomorphism, where [a] G Ag/1, cl G Ag- 

By [591 SS] ! -^G is generated as an algebra by the coefficients u^j of irreducible 
unitary corepresentations u'^ of Hopf *-algebra Ag- The images [u^,] of m^- in 
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the quotient Hopf *-algebra Ac /I give rise to unitary corepresentation of Ac /I, 
and generate it as an algebra (not just as a *-algebra). Therefore Ag/1 is a 
compact quantum group algebra (CQG algebra) in the sense of Dijkhuizen and 
Koornwinder [23] (See also [28| and [60l l50] )-a more appropriate name for com- 
pact quantum group (CQG) algebra might be Woronowicz *-algebra (or compact 
Hopf *-algebra), since the quantum group C*-algebra of a compact quantum 
group G is the C*-algebra C*{G) dual to C{G) according to [35j. 

Let B2 = Ag/1 and let B2 be the closure of B2 in the universal C*-norm. Then 
B2 is a Woronowicz C*-algebra. As the norm on Aq is universal, the composition 

Ag AgIT B2 

is bounded and extends to a morphism of Woronowicz C*-algebras p : Ag — * -82- 
Since T C ker(p), we have X C ker(p) and p factors through Bi = Ag/I via a 
C* -algebra morphism ip: 

Ag Bi B2, p = ipni. 

It is clear that p{a) = [a] for a G Ag and from this it can be checked that ip and 
ipo are inverse morphisms, where tp : Bi — > B2 is the restriction of ip to the dense 
Hopf *-subalgebra Bi and B2. Hence tpo is an isomorphism as claimed. 

From p = ipTTi (since p = V^tti), it is easy to see that ip is a morphism of 
Woronowicz C*-algebras (see 2.3 in [IF]). Since tjj = i{jq'^ is an isomorphism and 
B2 is full, by Lemma 14. 2[ Bi is full and ip is itself an isomorphism from Bi to 
B2. (We note in passing that since AG/ker^p) = B2, we have X = ker(p).) This 
proves part (1) of the lemma. 

To prove part (2) of the lemma, let X be as in (2) and Bi = Ag/I- Then by (1) 
above and [59], Bi is a Woronowicz C*-algebra. Let Bi be the canonical dense 
Hopf *-algebra of Bi and let vri : Ag Bi be the morphism associated with the 
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quotient morphism tti. Then clearly 



X(ilnAG = gf{l). 

Conversely if x G X n Ac-, then x G ker(7ri) = X. Hence gf{T) = X. 

Next let I be as in (2). We show that fg{I) = I. Let B2 = Ac/I - this is 
not the same B2 as in (1) above. Let 1x2 be the quotient morphism from Aq onto 
B2 (compare with p above). Define X = g{I) = I n Ac- We need to show that 
1 = 1. The idea of proof is the same as that of the last part in (1). 

Using the morphism n2 : Ac B2 of dense Hopf *-algebras associated with 112, 
we see that X = ker(7r2). Hence X is a Hopf *-ideal in Ac and Ac /I is isomorphic 
to B2 under the natural map induced from 712, and by (1) above, Bi := AajX is 
a Woronowicz C*-algebra. Since X C /, the morphism 1^2 factors through B\ via 
a morphism tl) of Woronowicz C*-algebras: 

Ag ^ Bi B2, 712 = ^VTi. 

Besides being isomorphic to B2, Ac /I is also isomorphic to Bi (under the mor- 
phism iPq) according to the proof of (1) earlier. Hence the restriction ip of ip to 
the dense Hopf *-algebras is an isomorphism from Bi to B2. Since B2 is full, by 
Lemma [4.21 ip itself is an isomorphism, which means that 1 = 1 (and Bi = B2). 
This completes the proof of Lemma 14. 3[ 

Lemma 4.4. (Reconstruct N from G/N) 

Let {N, tt) be a normal quantum subgroup of a compact quantum group G. Let 
if be the associated morphism from Ac to An- Then, 

ker(7r) = A'^^j^Ag = ^g^S/at = AgA'^^j^Ag, 

where Ti^ denotes the augmentation ideal (i.e. kernel of the counit) for any Hopf 
algebra Ti. 
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Remarks, (a) In the notation of Schneider [?T], the result above can be restated 
as follows: The map $ is the left inverse of \E', where \Ef(ker(7r)) := Ag/n and 
^{Ag/n) '■= -^gAq^j^. In the language of Andruskiewitsch et ai [1], the result 
above implies that the sequence 

1 — ^ — >G — > G/N — > 1, 

or the sequence 

— > Ag/n — >Ag — > An — ^ 0, 

is exact. It is instructive to compare this with the purely algebraic situation in 
Parshall and Wang [33j, where for a given a normal quantum subgroup in the sense 
there, the existence of an exact sequence is not known and the uniqueness does not 
hold in general (cf. 1.6 and 6.3 loc. cit.). Note that the notion of exact sequence 
of quantum groups in Schneider [2] is equivalent to that in Andruskiewitsch 
et ai [1] under certain faithful (co)flat conditions. Though a Hopf algebra is not 
faithfully flat over its Hopf subalgebras if it is not commutative or cocommutative 
(see Schauenburg ^42j), we have the following 

Conjecture: Let G be a compact quantum group. Then the Hopf algebra Ag 
(resp. Ag) is faithfully fiat over its Hopf subalgebras. 

Similarly, Ag (resp. Ag) is faithfully cofiat over Ag/I (resp. An/^) for every 
Woronowicz C*-ideal / (resp. Hopf *-ideal X). 

(b) It can be shown using Lemma 14.41 and Schneider [H] that the notion of 
normal quantum groups in this paper (or in [l8lll9]) and the one in Parshall and 
Wang [33] are equivalent for compact quantum groups. For more details, see [57] 



Proof of Lemma 



The proof is an adaption of the ones in 16.0.2 of Sweedler 
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[15] and (4.21) of Childs [20] for finite dimensional Hopf algebras to infinite di- 
mensional ones considered here. We sketch the main steps here for convenience 
of the reader. 

It suffices to prove ker(7r) = A^^j^Ag- The other equality ker(7r) = AqA^^j^ is 
proved similarly. From these it follows that ker(7r) = AqA^^j^Ag- 

Consider the right ^Ar-comodule structures on An and Ac given respectively 

by 

An : An ^ An An, and {id ■k)Ag : Ac ^ Ac An, 

where An and A^r are respectively the coproducts of the Hopf algebras An and 
Ag- Since is cosemisimple by the fundamental work of Woronowicz [59] 
(see remarks in 2.2 of [19]), it follows from Theorem 3.1.5 of [22j that every An- 
comodule is projective. Furthermore, one checks that the surjection vr : Ac — > An 
is a morphism of .4 at-co modules. Hence n has a comodule splitting s : An ^ Ag 
with TTS = idji,^. 

Let X G Aq^j^j. By remark (a) following Definition 12.21 7r(x) = 0. Hence 
A'^^j^ C ker(7r) and therefore A^^j^Ag C ker(7r). 

Define a linear map on Ag by = (svr) * S = m{sTx ® S)Ag, where m 
and S are respectively the multiplication map and antipode of Ag- Then using 
the coassociativity of Ag and vrs = idjs,j^ along with the antipodal property 
of S, one verifies that 0(^g) C Ag/n- Since ker(7r) C Im{id — sfr), to show 
ker(7r) C A'^^j^Ag, it suffices to show that Im{id — stt) C A'^ij^Ag- Since 
(e — id)(t){AG) C ^G/iV' later follows from the identity 

id — st: = {e — id)(j) * id = m((e — id)(j) id)AG, 

which one verifies using basic properties of the convolution product along with 
e0 = e and the splitting property of s. This proves Lemma [4.41 

Now we finish the proof of Theorem 14. 1[ If Ag/Ni = CI, we would have 
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•^G/N-i = CI and A^i^^ = 0. Let tti be the morphism of Hopf algebras from Ac 
to Ani associated with tti. Then by Lemma [4.4[ 



Since ker(7ri) is dense in ker(7ri) by Lemma we would have ker(7ri) = 0. This 
contradicts the assumption that Ni is a non-trivial quantum subgroup of G and 
therefore Aq/Ni 7^ CI. 

Then Ag/Ni has to be the only non-trivial Woronowicz C*-subalgebra of Bu{Q), 
i.e. Ag/Ni = C*{{r2m\^ > 0}) as noted near the beginning of the proof of 
Theorem 14. 1[ We infer from Proposition 12.11 that vri(r2m) is a multiple of the 
trivial representation of A^^i for any m. From 



7ri(ri) (g) 7ri(ri) = 7ri(ro) © 7ri(r2), 
we see that 7ri(ri) (g) 7ri(ri) is a multiple of the trivial representation of A^i. That 



ijkl 

where the (i, j)-entries of 7ri(ri) and Cij are matrix units. Hence 



Therefore Uij = for i ^ j and A^-^ is commutative. That is, A^i is an ordinary 
compact group. Now it is clear that Uu = uu = uJi^ for all i, /, which we denote 
by a. Since Ajv-^ is generated by a and A^^i is non-trivial, we conclude that A^^i is 
a group of order 2. The map a from An to A^^ defined by = Uij is clearly 

an isomorphism such that tti = avr. Hence (A'^i,7ri) = {N^ti) by Definition 12. 7[ 



ker(7ri) = = 0. 



IS 




UijUki = 0, when i ^ j, or k ^ I; 



UiiUii = 1, for all i, I. 
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For an example of a non-normal quantum subgroup {H,6) of B^iQ), take a 
two-elements group H = {/„, V}, where 



-1 







V 



/, 



and 6{uij) = Wij, the coordinate functions on H. 



□ 



Let us also recall the construction of the quantum groups Au{Q) closely related 
to Bu{Q) [UmilES]. For every non-singular matrix Q, the quantum group A^iQ) 
is defined in terms of generators Uij = 1, ■ ■ - n), and relations: 



According to Banica [3j, when Q > 0, the irreducible representations of the 
quantum group Au{Q) are parameterized by the free monoid N*N with generators 
a and (3 and anti-multiplicative involution a = (3 (the neutral element is e with 
e = e). The classes of u and u are and respectively. Moreover, for each 
pair of irreducible representations and Vy {x,y & N *N), one has the following 
direct sum decomposition (fusion) rules: 



In [SS], the special Au{Q)^s with Q > are classified up to isomorphism and the 
general Au{Q)^s with arbitrary Q are shown to be free products of the special 
Au{Q)'s. The following result was observed by Bichon through private commu- 
nication (the proof given below was developed by the author): 



u*u = In = uu*, u^QuQ 



-1 



In = QuQ ^uK 




x=ag,gb=y 



Proposition 4.5. The quantum groups Au{Q) are not simple for any Q G 
GL{n,C)- 
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Proof. To prove this, we first introduce the following notion. A quantum 
subgroup (A^, vr) of a compact quantum group G is said to be in the center of 
G if 

(tt (g) id) A = (tt (g) id)aA , 

where a{ai (g 02) = 02 ® cti, ai, 02 G Aq, and A is the coproduct of Aq. 

Assume (A^, vr) is in the center of G. Then using the definitions of Ac/j^f and 
A^\G in §21 it is straightforward to verify that Aq/n = ^Af\G- By Proposi- 
tion [2]T]^3), (A^, vr) normal in G. Namely, a quantum subgroup that is in the 
center of G is always normal, just as in the classical case. 

Let T be the one dimensional (connected) torus group and t G C(T) the func- 
tion such that t*t = 1 = tt*. Then C{T) is generated by t as a C*-algebra: 
C(T) = G*{t). Define the morphism vr : A„(Q) ^ C(T) by vr(Mij) = 6ijt (note 
the special case Au{Q) = C(T) when n = 1). Then it is routine to verify that the 
connected group (T, vr) is in the center of the quantum group Au{Q) (not viewed 
as an algebra) in the sense above and is therefore a normal subgroup therein. 
Hence A^iQ) is not simple. □ 

We remark that although Au{Q) is not simple, for n > 2 and Q > it is 
very close to being normal, satisfying most of the axioms of a simple compact 
quantum group: its function algebra is finitely generated; it is connected; and its 
non-trivial irreducible representations are all of dimensional greater than one (see 
Wang [Sn] for a computation of the dimension of its irreducible representations 
based on Banica [3J). In particular following problems should not be hard: 

Problem 4.6. (1) Study further the structure of Au{Q) for positive matrices 
Q G GL{n, C) andn > 2. Determine all of their simple quotient quantum groups. 
Alternatively, 

(2) Construct simple compact quantum groups that are not almost classical. 
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A solution of part (1) of the above problem should also give a solution to part 
(2) and provide the first examples of simple compact quantum groups that are 
not almost classical because of the highly non-commutativity of the representa- 
tion ring of Au{Q) (note that all the simple quantum groups known so far are 
almost classical). It is worth noting that the determination of all simple quotient 
quantum groups of Au{Q) in the above problem is easier than the determina- 
tion of all of their simple quantum subgroups, the latter being tantamount to 
finding all simple quantum groups because every compact matrix quantum group 
is a quantum subgroup of an appropriate Au{Q). These remarks also indicate 
that that Au{Q) should play an important role in the theory of simple compact 
quantum groups. 

Next we consider the quantum automorphism group Aaut{B,tr) of a finite 
dimensional C*-algebra B endowed with a tracial functional tr (cf. [H [53]). 
This quantum group is defined to be the universal object in the category of 
compact quantum transformation groups of B that leave tr invariant. Note that 
the presence of a tracial functional tr is necessary for the existence of the universal 
object when B is non-commutative (see Theorem 6.1 of [53j). For an arbitrary 
finite dimensional C*-algebra B, the C*-algebra Aaut{B, tr) is described explicitly 
in [53] in terms of generators and relations. When B = C(X„) is the commutative 
C*-algebra of functions on the space X„ of n points, the quantum automorphism 
group Aaut{B) = Aauti^n) (also called the quantum permutation group on n 
letters) exists without the presence of a (tracial) functional and its description in 
terms of generators and relations is surprisingly simple. The C*-algebra Aauti^n) 
is generated by self-adjoint projections aij such that each row and column of the 
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matrix {aij)^j^i adds up to 1. That is, 

n 

i=i 

^aij = 1, j = 1, ■ ■ ■ ,n. 

i=l 

For more general finite dimensional C*-algebras B, the description of Aaut{B,tr) 
in terms of generators and relations is more complicated. We refer the reader to 
[53] for details. 

Assume tr is the canonical trace r on B (see p772 of or ^for the definition). 
Then AautiB, r) is an ordinary permutation group when the dimension of B is less 
than or equal to 3. However, when the dimension of B is greater than or equal to 
4, AautiB, t) is a non-trivial (noncommutative and noncocommutative) compact 
quantum group with an infinite dimensional function algebra [53l and as 
Banica [1] showed, the algebra of symmetries of the fundamental representation 
of this quantum group is isomorphic to the infinite dimensional Temply-Lieb 
algebras TL{n) and the representation ring of Aaut{B, r) is isomorphic to that of 
5*0(3). Hence Aaut{B,T) is almost classical for all B. It is easy to see that for 
B = C{Xn), the canonical trace r is equal to the unique ^n-invariant state on B, 
where Sn acts on X„ by permutation. Hence by remark (2) following Theorem 
3.1 of [53], Aaut{B,T) is the same as the quantum permutation group Aauti^n)- 

We refer the reader to [H |53l [5l| for more on these quantum groups and [TH [161 
fT7] for interesting related results. Note that the description in [1] is not exactly 
as that in [53] but equivalent to it. We now prove 
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Theorem 4.7. Let B he a finite dimensional C* -algebra with dim(i?) > 4. Then 
Aaut{B,T) is an almost classical, absolutely simple compact quantum group with 
property F. 

Proof. The argument is similar to the one in Theorem 14. 1[ By Banica [1], the 
complete set of mutually inequivalent irreducible representations of the quantum 
group Aaut{B,T) can be parametrized by {k > 0, tq being the trivial one 
dimensional representation). Under this parametrization the fusion rules of its 
irreducible representations are the same as those of 5*0(3) and therefore it is 
almost classical: 

rfc ® n = r|fc_;| © r|fc_;|+i © ■ ■ ■ © r^+i^i © r^+i, k,l>0. 

We claim that there are only two Woronowicz C*-subalgebras in AautiB,T), 
namely CI and Aaut{B,r). 

Let Ai 7^ CI be a Woronowicz C*-subalgebra of Aaut{B,T). Let v he a non- 
trivial irreducible representation of the compact quantum group of Ai. Then 
V = Tk for some /c 7^ and 

rk®rk = rQ®ri®r2® ■ ■ ■ ® r2k~i © ?^2fc, k,l>0. 

Hence the coefficients of each of the representations ri, r2, r2k are in Ai. 
Similarly, from the decomposition of r2k ©'"2fc, we see that the coefficients of each 
of the representations vi, r2, r4fc are in Ai. Inductively, the coefficients of each 
of the representations ri, r2, r2^k are in Ai {m > 0). Hence Ai = Aaut{B,T). 

Let {n,N) be a normal quantum subgroup of G = Aaut{B,T) different from 
the trivial one-element subgroup. Then there is a non-trivial irreducible rep- 
resentation = {u^j) such that tt{u^) is not a multiple of the trivial repre- 
sentation. Using the same argument as in the proof of Theorem 14.11 we have 
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^G/N = Eg/n{Ag) 7^ ^G- Therefore we must have Aq/n = CI. Then the argu- 
ment near the end of the proof of Theorem 14.11 (i.e. the paragraph that follows 
the proof of Lemma [4. 4p shows that ker(7r) = 0. That is, N is the same quantum 
group as G. □ 

Theorem 14.71 applies in particular to quantum permutation groups Aauti^n) 
when n > 4. As Manin (private communication in July, 2002) pointed out to 
the author (private communication), the reason that these quantum groups are 
connected could be that there are so many more quantum symmetries that the 
originally n\ isolated permutations are connected together by them. Note how- 
ever that their function algebras are generated by orthogonal projections aij, so 
these quantum groups are also disconnected, as observed by Bichon |16] . It would 
be interesting to find a satisfactory explanation of this paradox. 

The proofs of the main results of this section do not need explicit description 
(models) of representations of the quantum groups Bu{Q) and Aaut{B,T) and 
Au{Q)- Only the structures of their representation rings (i.e. fusion rules) are 
used. However, explicit constructions of models of irreducible representations of 
Lie groups are fundamental and have important applications in other branches of 
mathematics and physics. Moreover, just as the construction and classification of 
the representations of simple compact Lie groups is intimately intertwined with 
the classification of simple compact Lie groups, the same might hold true for 
simple compact quantum groups. In view of these, we believe an appropriate 
answer to the following problem should be important in the theory of compact 
quantum groups in general and the theory of simple compact quantum groups 
in particular. (Note that the model for the fundamental representation of the 
quantum group Au{Q) is used in [5lj to construct ergodic actions on various von 
Neumann factors.) 
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Problem 4.8. Construct explicit models of the irreducible representations of the 
following quantum groups: Au{Q) forQ > 0; Bu{Q) for QQ = ±In; the quantum 
automorphism group Aaut{B,T) of a finite dimensional C* -algebra B endowed 
with the canonical trace r. Relate the results to the theory simple compact quan- 
tum groups if possible. 

5. Simplicity of Kq, and Kj 

The compact real forms Kg of Drinfeld- Jimbo quantum groups and their twists 
are studied in [13] and [30] respectively. See also [31] for a summary of [HI [30] 
and [29] for more detailed treatment. Motivated by these works, Rieffel constructs 
in [37] a deformation Kj of compact Lie group K which contains a torus T 
and raises the question whether can be obtained as a strict deformation 
quantization of Kg. This question is answered in the affirmative by the author in 
[5T] . The purpose of this section is to show that the quantum groups Kg, and 
Kj are simple in the sense of this paper, provided that the compact Lie group K 
is simple. 

We first recall the notation of [131 EDI [31] . Let G be a connected and simply 
connected simple complex Lie group with Lie algebra g. Fix a triangular de- 
composition g = n_ © [) © n+, together with the corresponding decomposition 
A = A+ U A_ of the root system and a fixed basis {ai}"^;^ for A+. For each 
linear functional A on f), Hx denotes the element in f) corresponding to A under 
the isomorphism f) = f)* determined by the Killing form ( , ) on g. Note that if 
the reader keeps the context in mind, the symbols a and A used in this context 
should not cause confusion with the same symbols used in this paper for other 
purposes. Let {Xa}a€A U be a Weyl basis of g, where Hi = H^^. This 

determines a Cartan involution c^o on g with ojQ^Xa) = —X_a, Uo{Hi) = —Hi. 
Let t be the compact real form of g defined as the fixed points of ujq and K the 
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associated compact real form of G. Put f)iR = ©[Li^^-f^i) t = i^m. and T = exp(t), 
the later being the associated maximal torus of K. 
Let q = e^/^ {h G M\{0}). For n,k eN,n>k, define 



[n\ 

n 
k. 



q-q 1 



[n\q[n - l]q . . .[n - k + 1]^ 



[kUk-l]q...[l], 

The quantized universal enveloping algebra Uq{g) [211 EI] is the complex asso- 
ciative algebra with generators Xf, Kf^ (i = 1, ■ ■ ■ ,n) and defining relations: 



3 i 



1 — a,- 



fc=0 

where = g("»'"»). 

On f/g(0) there is a Hopf algebra structure with coproduct 



A{Kf') = Kf' ® Kf\ A{Xt)=Xt®K, + K;'®X, 



± 

i 1 



and counit and antipode respectively 



e{Xf) = 0, e{Kr) = l, S{Xf) = -qfxf, S{Kt') = Kf' 



Under the *-structure defined by 



Uq{Q) is a Hopf *-algebra. 
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Let u = 'Yliki^kiHk ® Hi E A^fi^. Then it can be shown (cf. f2^) that the 
following defines a new coproduct on f/g(0), 

A„(0 = exp(-z/iM/2)A(0 exp(i/iM/2), 

where X E Uq{g) and A is the original coproduct on Uq{g). The new Hopf 
*-algebra so obtained is denoted by Ug^uio)- 

The function algebra Ak^ of the compact quantum group Kg is defined to be 
the subalgebra of the dual algebra Uq{g)* consisting of matrix elements of finite 
dimensional representations p of Uq{Q) such that eigenvalues of the endomor- 
phisms p{K.j) are positive. The function algebra Ak^ of the compact quantum 
group K"^ is defined to be the subalgebra of the dual algebra Uq^uio)* that has 
the same elements as Ak^-, as well as the same *-structure, while the product of 
its elements is defined using A^^ instead of A. 

For each (algebraically) dominant integral weight A G P+ of (g, f)), define matrix 
elements C^^.^j of the highest weight f/g(g) module (L(A),pa) as follows. Let 
{vu^} be an orthonormal weight basis for the unitary Uq{g) module L{X). Then 
C^,t;u,j is defined by 

where X G Uq^Q) and < , > is the inner product on L{X). The C^^.^j's is a linear 
(Peter- Weyl) basis of both Axg and Ak]^ when A ranges through the set P+ of 
dominant integral weights of (g, f)). 

Theorem 5.1. Let K be a connected and simply connected simple compact Lie 
group. Then for each each q, Kg is an almost classical simple compact quantum 
group with property F. 

Proof. First we recall that representations of K and Kg are in one to one 
correspondence via deformation and the decompositions of tensor products of 
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irreducible representations are not altered under deformation (see Lusztig 02] 
and Rosso [22] or Cliari-Pressley [ISj). From this it follows immediately that Kq 
is almost classical. 

Let ^ be the map that associates each irreducible representation f of i^' an 
irreducible representation ^{v) of Kq in this correspondence. This map defines 
an isomorphism of vector spaces from Ar to Ar^, which we also denote by It 
follows from this that Kq is connected and has no non-trivial representations of 
dimension one. Comparing decompositions of tensor products of representations 
of K and Kq we see that the ^ maps bijectively the set of Hopf subalgebras of 
Ak onto the set of Hopf subalgebras of Axq ■ 

Let pq be the quotient morphism from Ak^ to the abelianization v4^_^, which is 
by definition the quotient of Ar^ by the closed two sided ideal of Ar^ generated by 
commutators [a, 6], a, 6 G Ak^- According to [19], is the algebra of continuous 
functions on the maximal compact subgroup Ak^ of Kq and pq gives rise to the 
embedding of the quantum groups from Ar^ to Kq. It is shown in [l3] that the 
maximal compact subgroup Ak^ is isomorphic to the maximal torus T of K. 

The associated morphism pq from Ak^ to At is given by 

where t = exp{x) E T, x E t = ii)]^ (see p438 of [19], but should not appear 
in the formula there). It is clear that one has the same formula as above for 
restriction morphism p from Ak to At'- 

P(r'(C'i,;.,))W = 5.,5,.e2'^"(-), t.e., p = Pqoi. 

Let iV C -ft' be a normal subgroup of K with surjections vr : Ar and 
TT : Ak — ^ An- Then is a finite subgroup of T and Ajq = An is a finite 
dimensional Hopf algebra. It is clear that n = pn ° P-, where pN is the restriction 
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morphism from At to Ajy- Define 

Tig : Ak^ — ^ An, by vr^ := pN o pg. 

We claim that (A^, vTg) is a normal subgroup of Kg. This follows immediately from 
the following identities, which one can easily verify using p = PgO^ and n = TTgO^. 

{a e AKq\{id^ng)A{a) = a® 1} = ^({a G vr)A(a) = a® 1}); 

«4Ar\i^g = ^(^ATXii-), i.e., 

{a e AKg\{iTg(S)id)A{a) = 1 (g) a} = ^{{a e ^xK^r ® i(i)A(a) = 1 (g) a}). 

That is, every normal subgroup N of K gives rise to a normal subgroup (A^, TTg) 
of -K^g in the manner above. 

Conversely, let {N', n') be a quantum normal subgroup of Kg. Then Ak^/n' is a 
Hopf subalgebra of Ak^. Since every Hopf subalgebra of Ak is of the form Ak/n 
for some normal subgroup N of K (cf. [49j), by the correspondence between Hopf 
subalgebras of Ak and those of Ar^ noted near the beginning of the proof we 
have 

Axq/N' = (,{Ak/n) = ^Kq/N 

for some normal subgroup of K. By Lemma \AA\ we have ker(7r) = ker(7r'). 
That is (A^', tt') and (A^, tt^) are the same quantum subgroup of Kg (cf. Def- 
inition 12.71 and Lemma I4.3p . Since normal subgroups N of K are finite, we 
conclude from the above that Kg has no non-trivial connected quantum normal 
subgroups. □ 

Examining the proof of Theorem 15.11 we formulate the following general result 
on the invariance of simplicity of compact quantum groups under deformation, 
which will be used to prove the simplicity of K"^ and Kj. 
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Let G be an almost classical simple compact quantum group with property F 
and {H, p) a quantum subgroup. Assume all normal quantum subgroups of G 
are quantum subgroups of H. Let G^ be a family of compact quantum groups 
( "deformation" of G) indexed by a subset {v} of a vector space that includes the 
origin. Suppose the family G^ satisfies the following conditions: 

CI. Go ~ G. 

C2. There is an isomorphism ^ of vector spaces from Ac to Ag^- 
C3. The coproduct is unchanged under deformation, i.e., 

A^(^(a)) = {i® for « e Ag- 

C4. For any pair irreducible representations u^^ and u^'^ of G, if 

is a decomposition of u^^ ® u^^ into direct sum of irreducible subrepresentations 
u^^ (j = 1,2, ■■■ ,/), then 

is a decomposition of i^to direct sum of irreducible representations, 

where for instance C,{u^^) denotes the representation of G^ whose coefficients are 
images of coefficients of u^^. 

C5. The quantum subgroup H is undeformed. The latter means that there is 
a morphism p„ of quantum groups from H to G^ such that 

Pvi^ia)) = p{a) for a E Ag- 

Under the assumptions above, we have the following result. The proof is the 
same as that of Theorem 15.11 {H corresponds to T in Theorem 15. ip . 

Theorem 5.2. For each v E {v} , Gy is an almost classical simple quantum group 
with property F. 
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Remarks, (a) Condition C4 above is not the same as the requirement that 



The latter requirement together with conditions (2) and (3) imply that ^ is an 
isomorphism of quantum from to G, which is not the case for the quantum 
groups under consideration here. 

(b) We believe similar results on invariance of simplicity under deformation 
hold true without the property F assumption on G. But at the moment we do 
not know of any simple compact quantum groups that do not satisfy this property, 
though there many non-simple quantum groups without this property. 

Next we recall the construction in [STJ [51]. Let A = Aq be a compact quantum 
group with coproduct A. Suppose that the quantum group G has a toral subgroup 
(T, p)-to obtain non-trivial deformation we assume that T has rank no less than 
2. For any element t in T, denote by Et the corresponding evaluation functional 
on C{T). Assume that 77 is a continuous homomorphism from a vector space Lie 
group M" to T, where n is allowed to be different from the dimension of T. Define 
an action a of M'^ := M" x M" on the C*-algebra A as follows: 

where 

/^(s) = {E^{-s)P ® id) A, r^(„) = {id O Er,(.a)p)A. 

For any skew- symmetric operator S on M", one may apply Rieffel's quantization 
procedure for the action a above to obtain a deformed C*-algebra Aj whose 
product is denoted x j, where J = S Q) {—S). The family Ahj {h G M) is a strict 
deformation quantization of A (see Chapter 9 of [36]). In [51] the following result 
is obtained. 
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Theorem 5.3. The deformation Aj is a compact quantum group containing T 
as a (quantum) subgroup; Aj is a compact matrix quantum group if and only if 
A is. 

We denote by Gj the quantum group for Aj. When G is a compact Lie group, 
the construction Gj above is the same as Rieffel's construction [37J. By 5.2 of 
[37] . Gj is an almost classical compact quantum group if G is a compact Lie 
group. 

Combining Theorem 15.31 and Theorem 15. 2[ we obtain 

Theorem 5.4. Let K be a simple compact Lie group with a toral subgroup T. 
Then Kj of Rieffel [37] is an almost classical simple compact quantum group with 
property F. 

We note that unlike in Theorem 15. in the result above we do not need to 
assume K to be simply connected. This is because Ak^ is defined using irre- 
ducible representations of Uq{g) associated with all dominant integral weights P+ 
of (g, [)), so that Ak^ becomes the algebra of representative functions on a simply 
connected K when q 1. One could also start with a non-simply connected 
K in Theorem 15.11 too, but then one needs to modify the definition of the quan- 
tum algebra Axq by using irreducible representations of f/g(g) associated with 
analytically dominant integral weights only. This newly defined Ak^ is a Hopf 
subalgebra of the Hopf algebra defined originally. It is clear from the proof of 
Theorem 15. II that its conclusion remains valid for this newly defined Kg. 

Finally we consider K^. To avoid confusion with the Killing form, we now use 
s (B V, instead of {s, v) used above, to denote an element of = M" x R". In 
the present setting, the space M" is i)^., with inner product < , >= ( , ), where 
( , ) is the Killing form of g restricted to i)^. We will also use < , > to denote 
the inner product on i)^ © t)]^. Noting that the compact abelian group T is also 
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a subgroup of both and (see |131 EO])- The map rj there in this case is 
defined by 77(5) = exp(27ris). We can define as above an action of M'^ on A^^ by 

^exp(— 27ris)^oxp(27rra) • 

This action may be viewed as an action of = T x T in the sense of [SS]- For 
each V in the weight lattice P of g, the element Hy is in We use the notation 
Hi, © to denote H^, + as an element of P)m © Keep the notation of [36j 
for the spectral subspaces of the action a (see 2.22 there). 

Let u be the map on f)* determined by u via the Killing form ( , ) on g. Let 

h 

where Su is the skew-symmetric operator on defined by 



kl 



Then one has 



ih 

= exp(y((/il,M/X2) - (i^l>W'^2)))C^^,i,;^,j,C^2,i2;^2j2 

= exp(-27r^ < Jg >)C,^\,^^,^,^C^^,^,,^,,,, 

where o on the left-hand side is the multiplication in Ak^ and the right-hand side 
is the multiplication in Ak^- 

On the other hand one has from 2.22 of [36j that 



,«2;!^2,J2 



^;2.2;.2.2 = exp(-27r^ < p, Jq >)Cl^,,^^^,S^^^ 
This means that we have the following result |51j . 

Theorem 5.5. The Hopf *-algebras Ak^ and {Ak , Xj) are isomorphic. 
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That is K"!^ = {Kq)j in the notation of Theorem l5.3|, answering Rieffel's question 
[S7] in the affirmative. 

Combining Theorem 15. 5[ Theorem 15.11 and Theorem 15.21 we obtain the follow- 
ing 

Theorem 5.6. Let K be a connected and simply connected simple compact Lie 
group. Then for each each {q,u), is an almost classical simple compact quan- 
tum group with property F. 
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